We suggest a design for a coating that could be applied on top of any solar cell having at least one diffusing surface. This coating acts as an angle and wavelength selective filter, which increases the average path length and absorptance at long wavelengths without altering the solar cell performance at short wavelengths. The filter design is based on a continuous variation of the refractive index in order to minimize undesired reflection losses. Numerical procedures are used to optimize the filter for a 10 ñm thick monocrystalline silicon solar cell, which lifts the efficiency above the Auger limit for unconcentrated illumination. The feasibility to fabricate such filters is also discussed, considering a finite available refractive index range. 3039-3050 (1978). 16. P. Baumeister, "Design of multilayer filters by successive approximations," J. Opt. Soc. Am. (1917-1983) 48, 955-958 (1958. 17. P. G. Verly, A. V. Tikhonravov, and M. K. Trubetskov, "Efficient refinement algorithm for the synthesis of inhomogeneous optical coatings," Appl.
Introduction
Reduced recombination current, less material consumption, and better carrier collection are the fundamental intentions for making thinner solar cells. In order to maintain a sufficient light absorption, the incoming light has to be efficiently trapped. This is particularly important when the absorbing material is an indirect semiconductor. For these materials, such as silicon (Si), a limit for the photovoltaic conversion efficiency η based on the absorption was found at first by Shockley and Queisser. Assuming each absorbed photon generates one electronhole-pair, they showed that the efficiency limit is 31% [1] , as long as no nonradiative losses are included. Kerr et al. [2] found recently a more realistic limit of approximately 28% for Si by including Coulomb-enhanced Auger recombination processes and other realistic silicon-specific processes for unconcentrated illumination. Enhancing the absorption by an appropriate light-trapping scheme would result in an increased short circuit current density J SC . This implies that the cells could be made with a thinner Si layer and would still provide the same J SC . In such a configuration, the advantage is a lower bulk recombination that leads to a higher open circuit voltage V OC . Either a larger J SC or V OC will enhance η.
The term light-trapping refers to the redistribution of the incoming light into new directions within the solar cell. Ideally, total internal reflection will then prevent this redirected light from escaping the solar cell [3] . A perfect back side reflector and a Lambertian (isotropic) distribution of light inside the solar cell will increase the percentage of light that is trapped by total internal reflection. The path length enhancement k is usually regarded as a measure for the light-trapping. The combination of the back side reflector and the Lambertian light distribution leads to an effective path length enhancement of k = 4n 2 [4, 5] , with n being the refractive index of the solar cell material. In the case of a standard semiconductor solar cell (n = 3.5) k ≈ 50 may be achieved. Note that an absorption enhancement can also be obtained by applying other photonic concepts, such as periodically structured back reflectors, which are optimized to increase the optical path length for wavelengths around the band gap of the absorbing layer [6, 7] . The Lambertian light distribution is generally attained by incorporating an appropriately structured surface [8, 9, 10, 11] , whose nature can be either statistical (rough surfaces) or deterministic (e.g. periodic arrangement). For unconcentrated illumination the solar cell absorbs light incident from all directions, i.e. the acceptance cone of a device as described above is assumed to be the entire half-space above the solar cell.
Ultra light-trapping relates to a restriction of the acceptance cone of the solar cell in combination with a tracking system, which ensures normal incidence of the direct sun light all the time. Applying an angle selective filter, which restricts the acceptance cone, on top of a solar cell having at least one Lambertian surface, will enlarge k up to 4n 2 / sin 2 θ [12] . Here θ depicts the opening angle of the restricted acceptance cone. The aperture of the circumsolar disc, being approximately 5 • [13] , corresponds to the smallest acceptance cone that can be reasonably chosen, as all circumsolar light shall still enter the solar cell. This limitation permits an enhancement of k up to ∼6450. Using such a minimal acceptance cone comes at the expense of a tracking system for the solar cell.
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Total internal reflection Figure 1 shows a schematic drawing of the solar cell considered in this paper. From top to bottom this solar cells consists of an angle-and wavelength selective filter, a perfect Lambertian scatterer, an absorbing layer, and a perfect back reflector. The direct sunlight impinges normally onto the solar cell, passes the angle selective filter, and is scattered isotropically by the diffusor. The Lambertian scatterer was assumed to be impedance matched to the following absorbing layer and, therefore, does not cause additional reflections at the diffusor-absorber interface. Electron hole pairs are generated inside the absorbing layer, which was exemplarily chosen to be a 10 ñm thick monocrystalline Si layer. Outgoing solar cell radiation, consisting of reemitted and not-absorbed light, which passed already through the Lambertian scatterer, is trapped inside the cell according to the angle and wavelength dependent filter reflectance.
At first glance, limiting the acceptance cone to the aperture of the circumsolar disc independent of the wavelengths, should lead to the highest possible efficiency. Since terrestrial solar cells are exposed to a significant fraction of diffuse light, the limitation of the acceptance cone is desirable only in the spectral domain of weak absorption close to the band gap [14] . Figure  2 shows the ideal filter transmission as a function of wavelength and angle of incidence, which is measured relative to the surface normal throughout this paper. The ideal filter shows perfect transmission up to a wavelength of ∼ 870 nm. For longer wavelengths up to ∼ 1300 nm the filter should be perfectly reflecting only for angles of incidence larger than 2.5 • . The optical characteristics of the filter above ∼ 1300 nm will not affect η, as the energy of the light is too small to permit for an absorption by Si. The exact threshold wavelength of the transition between perfect transmission and perfect reflection depends on the thickness, the wavelength dependent absorption coefficient, and the spectra of the direct sunlight and of the diffuse scattered light from the sky. For the 10 ñm thick monocrystalline Si-layer considered in this paper, the threshold wavelength was determined to be around 870 nm [14] . It is the aim of this paper to present a design for a realizable filter that approximates this ideal filter function for the, to a certain extend arbitrarily, selected solar cell. This filter can be applied to the top of any solar cell having at least one diffusing surface, where it will decrease the acceptance cone. The filter is based on an appropriately designed and optimized sequence of dielectric layers. In order to be as general as possible we did not restrict the coating materials from the beginning, hence dispersion and absorption of the coating are neglected throughout this paper. Upon evaluating the impact of the filter on the solar cells efficiency it will be shown that values for the efficiency above the 28% limit predicted by Kerr et al. [2] can be reached. After outlining the principles for the filter design, the design of the coating system is described in detail. Finally, the filter is numerically optimized by adopting the filter onto a solar cell in a simulation allowing to calculate the efficiency, which is used as the measure to be optimized.
Coating design
Various methods for the design of optical coatings have been developed. All of them have certain advantages but also some intrinsic disadvantages. Synthesis methods [15] employ physical understanding of already known solutions for creating an initial refractive index profile. Refinement methods [16, 17] , in turn, require an initial layer stack design and can then minimize a merit function by adjusting coating parameters, for example the thickness and the corresponding refractive index. In cases, where either the problem is too complicated or where such initial solutions do not exist, global optimization techniques are commonly used. Examples for such techniques are genetic algorithms [18] or simulated annealing [19] . Such methods are able to find an, at least local, optimum. However, currently it is too time consuming to check the entire parameter space, thus these methods generally lack proof that their final solutions are among the best. Furthermore, one obtains no insight into the underlying physics on that the filter relies or why these particular solutions are superior to others.
In this paper, we derive a design for a filter from already known ingredients. The design process is divided into four steps. At first, the perfect anti-reflection-(AR)-property of the coating is realized. At second, the implementation of a single reflection band is demonstrated. Third, the side lobes due to the finiteness of the coating system are suppressed. The presence of such side lobes would seriously degrade the overall performance of the cell. Finally, all design steps are combined and a final refinement procedure is applied to optimize the filter function for a given solar cell.
Perfect transmission
At an interface, which separates two media having different refractive indices n 1 and n 2 , Fresnel reflection occurs. The simplest AR-coating is a single quarter wave layer with an index of refraction of √ n 1 n 2 . However, this single layer permits perfect AR only at the design wavelength, although additional layers can be used to broaden the AR-wavelength region [20] .
Southwell proposed a continuous profile of the refractive index [21] instead of using discrete indices of refraction. In order to express analytical refractive index profiles we define the z-axis to be normal to the interface. The spatial position of the interface between the two media is set to be at z = 0. Since transmission and reflection coefficients of layer systems depend only on phase differences, the optical thickness t (defined by t = n(z)dz and t = 0 at the interface) becomes the argument of refractive index profiles n(t). The proposed profile is a quintic polynomial given by n(t n ) = n 1 + (n 2 − n 1 )(6t
where t n is the optical thickness normalized to the total optical thickness, thus taking values between 0 and 1. Figure 3(a) shows the profile and Fig. 3(b) the broadband AR-behavior for a 1 ñm thick coating. The transmission calculations were performed by applying the matrix method [22] . As can be seen, nearly perfect transmission for all angles of incidence and both polarizations occurs for a ratio between the wavelength and the total optical thickness smaller than ∼ 1.0. It should be noted that a quintic profile is not optimum [21], but its simple analytical description makes it favorable.
Perfect reflection
A second issue, besides perfect transmission over a large spectral range, is a perfect reflection over a narrow spectral domain. Figure 4 shows the refractive index profiles and the corresponding reflection as a function of the wavelength for three possible filters which show perfect reflection in a certain wavelength range. The design wavelength for perfect reflection was chosen to be λ 0 = 1.0 ñm for all profiles.
The simplest filter function is made using a binary quarter-wave-stack, i.e. a sequence of layers of alternating high (n max ) and low (n min ) refractive indices with optical thicknesses equal to a quarter wavelength. Unfortunately, the binary elements give rise to other reflection peaks at odd multiples of the fundamental wave number [see the dotted line in Fig. 4(b) The corresponding angle and wavelength dependent transmission of unpolarized light. The structure shows nearly perfect transmission for wavelength to AR-coating thickness ratios smaller than 1.0. The white region corresponds to more than 99% transmission. It is well known that sinusoidal profiles, given by 
Only a single reflection band around λ 0 is observed for this profile; thus, this is the preferable geometry.
Side lobe elimination
The remaining oscillations in the reflection spectrum of the exponential sinusoidal profile are due to the limited number of periods taken into account. Therefore, they can be associated with Fabry-Perot-oscillations, due to the sharply truncated refractive index profile. In order to avoid these side lobes The continuous nature of the averaged refractive index (dash-dotted line in Fig.5(a) ) allows for a less polarization dependent AR-coating at tilted angles of incidence as compared to discrete layer systems [28], which is mandatory for the applicability in photovoltaic systems.
Reflection at oblique incidence
The well known blue shift [29] of a reflection band when tilting the angle of incidence can be clearly seen in the angle resolved reflection spectrum shown in Fig. 5(b) for the structure presented in Fig. 5(a) .
At short wavelengths a broad area with AR properties can be identified, which will allow the light scattered from the sky to enter the solar cell. Furthermore, the blue shift leads to the desired high reflection for tilted angles, but only for the wavelength region between 700 and 800 nm. Scaling the thickness of the layer system will shift the position of the stop band. Due to reciprocity, this high reflectivity at oblique incidence will also appear for light hitting the surface from inside the solar cell. Thus the escape cone will be limited further. This will allow for longer absorption path lengths in the long wavelength region.
In the following section we optimize the parameters, which describe the profile of the index of refraction, to increase η due to light-trapping.
Parameter optimization
So far, we presented refractive index profiles leading to a perfect AR-coating (see Fig. 3 ) and to the desired angle-selectivity (see Fig. 5 ). The combination of these elements leads to the dependence of the refractive index profile on the optical thickness as depicted in Fig. 6 . The entire profile can be described with only a few parameters. The first one is the total optical thickness (t tot ) of the entire coating system. The second is the position of the stop band (λ 0 ). Reflection losses are minimized by quintic matching of the average refractive index (dotted line in Fig. 6 ) in regions I (front) and III (back). Side lobes are suppressed by using smooth (quintic) envelope functions (dash-dotted lines in Fig. 6 ) in these regions, too. The optical thickness of these regions is, therefore, also a parameter and is denoted by t apo . It was found that the phase of the sinusoidal function does not have a large influence, i.e. it is not necessary to find an optimum value. For the first optimization we introduce an additional parameter A max , which represents the maximum amplitude of the refractive index modulation. The indices of refraction of the incidence medium and the subsequent solar cell are represented in the following by n inc and n sub , respectively. When looking at Eq. (3), it is clear that the magnitudes for the minimum and maximum indices of refraction are needed. They are represented by n min and n max , respectively. In region II (t apo < t II < t tot − t apo ), where n min and n max are constant, they are given by
respectively. In region I (0 < t I < t apo ), n min and n max read as:
n min,I (t n,I ) = n inc + (n min,II − n inc )Q(t n,I ) (6) n max,I (t n,I ) = n inc + (n max,II − n inc )Q(t n,I ),
where
and t n,I is the normalized optical thickness, which amounts to 1, when t = t apo . In region III (t tot − t apo < t III < t tot ) they are given by:
where t n,III is proportional to the optical thickness, so that t n,III = 0, if t = t tot −t apo and t n,III = 1, if t = t tot . Figure 6 shows the refractive index profile versus the optical thickness for t tot = 5 ñm, λ 0 = 1 ñm, t apo = 0.25 × t tot , A max = 0.7, n inc = 1.0, and n sub = 3.5. The refractive indices n inc and n sub remain fixed in all further considerations.
To evaluate the filter performance on the solar cell efficiency, we used an algorithm described in Ref. [14] , which allows the computation of η. This algorithm takes into account the position of the sun, the angle between the normal of the solar cell and the sun, and the time dependent solar spectrum. A schematic drawing of the evaluated solar cell is shown in Fig. 1 . The absorber was a 10 ñm thick monocrystalline Si layer, whose absorption coefficient was taken from literature [30] . The absorption inside the solar cell was then calculated following the method for a cell with Lambertian scatterer and a perfect back side reflector [5] . We assumed a cell dopant concentration of 1.5 × 10 16 cm −3 , the back side recombination velocity was set to zero, and Auger recombination processes were included according to Ref. [31] . The calculated efficiencies represent the accumulated converted amount of energy which impinges during a standard day in Stuttgart, Germany, when the solar cell constantly faces the sun by using a tracking system.
The reference value was calculated for a solar cell with a perfect AR coating, e.g. light from all directions, at all wavelengths and polarizations, completely penetrates the filter. Such a perfect AR-filter leads to the reference efficiency of 28.7%. We performed 1000 Simplex optimization routines [32] on random starting parameters. The free parameters, which should be optimized, are: t tot , λ 0 ,
, and A max . The coating refractive indices were allowed to take all values between 1.0 and 3.5. The best among these 1000 optima is shown in Fig. 7 . An η of 30.1% is achieved, i.e. an increase of 1.4 absolute %. The parameters are listed in Tab. 1. 
Producibility of such filters
The presented design requires indices of refraction close to 1 to obtain the perfect AR property. With porous silicon [23] indices of refraction close to air and up to silicon are possible. Using only silicon would simplify the fabrication, as it would permit a monolithic integration, unfortunately the high absorption coefficient in the short wavelength range prohibits its use. It was shown recently that oblique angle deposition of SiO 2 can be used to provide indices of refraction as close to air as 1.05 [33] . Values up to 2.5 are possible with TiO 2 , too. The gap between 2.5 and silicon would lead to some remaining back reflection that is undesirable. However, since the value of 2.5 is already high, we expect the back reflection to be only in the order of 4%. When taking into account the stability of the coating system, fabrication by co-deposition [34] seems more reasonable. This method also allows for a continuous modulation of the refractive index, but only between those of the two materials involved. n 1 = 1.5 and n 2 = 2.0, which should be feasible using co-deposition. Figure 8 (b) shows the corresponding transmission of unpolarized light versus angle of incidence and wavelength. This transmission spectrum features Fabry-Perot-oscillations, since the interval for the refractive index is limited. For this AR-filter we calculated η = 26.1%. In the following this value will be increased by an optimized angle and wavelength selective rugate filter, which has the same optical thickness and is limited by the same range of available refractive indices. This small difference between 1.5 and 2.0 is not large enough for providing a broad stop band, but it is possible to increase the band width by continuously increasing the period of the refractive index profile so that the top of the coating system will reflect a different wavelength than the bottom [26] . In order to find the refractive index profile, which is optimum for these fabrication constraints, the additional constants n min,a and n max,a are introduced. They, respectively, represent the minimum and maximum available refractive indices. The previous formulas Eqs. (4)-(10) can still be used, but n inc must be changed to n min,a , and n sub to n max,a . The continuous change of the center wavelength is represented by an additional chirp parameter C, which generalizes Eq. (3) to:
Figure 9 (a) shows the optimized refractive index profile according to Eq. (11) and Fig. 9 (b) the corresponding angle-and wavelength dependent transmission of unpolarized light. Just like for Fig. 8 , the refractive index profile was allowed to vary between 1.5 and 2.0. The optimized parameters are listed in Tab. 1. The Fabry-Perot-oscillations, which could be seen already in Fig. 8 are still present, but an efficiency of 26.9% is reached, due to the enhanced reflection around 1000 nm at oblique incidence. This solar cell efficiency corresponds to an increase of 0.8 absolute %, when compared to the AR-coating shown in Fig. 8 . Due to the larger number of periods the transition between transmitting and reflecting regions in Fig. 9 (b) is more sharply pronounced when compared to Fig. 7 , but this comes at the expense of increased coating thickness.
In a further step we investigated the robustness of the layer systems concerning thickness errors. For this analysis we calculated the efficiencies of the optimized filters when varying the layer thicknesses, which are needed for the matrix method for calculating the filter transmission. Originally, each layer has an unmodified optical thickness of 15 nm. In each step of this analysis we varied all thicknesses, each thickness proportional to a random number, where all random numbers were distributed normally around 1.0 with individual standard deviation σ . For each σ we performed 100 filter modifications in order to generate statistical data. The mean (solid curve) and the standard deviation corridor (dotted curve) of the calculated efficiencies are plotted in Fig. 10 for the optimized filter without refractive index limitation (a) and with limited refractive index range (b). As can be seen, the filter design is quite tolerant against fabrication errors since the cell efficiencies drop only ∼ 0.1 % if each layer thickness is modified (in average) by more than 6%. 
Summary
We developed an analytical expression for a top coating applicable to solar cells, which decreases the transmittance of light at oblique angles of incidence close to the band gap and, thereby, increases the absorptance for normal incidence due to improved light-trapping. By neglecting absorption and dispersion in the top coating and using a realistic model for the absorbing layer, calculated efficiencies of solar cells having at least one Lambertian surface could be increased from 28.7% for a cell with zero front side reflection up to 30.1% for a solar cell equipped with the optimized angle selective filter. In order to obtain high transmission, low indices of refraction are necessary, which is at the moment a challenge for fabrication. Nevertheless, the design can be implemented on a smaller range of available refractive indices if an additional chirp parameter is included in the analytical expression. This parameter allows for a sharper transition between reflecting and transmitting behavior, at the expense of an increase in the coating thickness. This paper completely evaluates one of the first light-trapping proposals, which effectively increases photovoltaic conversion efficiencies above the limit for unconcentrated illumination.
